The objective of this study is to shed new light on the industrial flow structure embedded in microscopic supplier-buyer relations. We first construct directed networks from actual data from interfirm transaction relations in Japan; as one example, the dataset compiled by the Tokyo Shoko Research, Ltd. in 2016 contains five million links between one million firms. Then, we analyze the industrial flow structure of such a large-scale network with a special emphasis on its hierarchy and circularity. The Helmholtz-Hodge decomposition enables us to break down the flow on a directed network into two flow components: gradient flow and circular flow. The gradient flow between a pair of nodes is given by the difference of their potentials obtained by the Helmholtz-Hodge decomposition. The gradient flow runs from a node with higher potential to a node with lower potential; hence, the potential of a node shows its hierarchical position in a network. On the other hand, the circular flow component illuminates feedback loops built in a network. The potential values averaged over firms classified by the major industrial category describe hierarchical characteristics of sectors. The ordering of sectors according to the potential agrees well with the general idea of the supply chain. We also identify industrially integrated clusters of firms by applying a flow-based community detection method to the extracted circular flow network. We then find that each of the major communities is characterized by its main industry, forming a hierarchical supply chain with feedback loops by complementary industries such as transport and services.
Introduction
In general, interactions between individuals are considered to play an important role in the economy. For instance, firms are connected to each other directly or indirectly through their business transactions. A firm buys materials from suppliers and sells its products to customers. These transactions are so essential to firms that one cannot isolate the dynamics of individual firms from the entire economic system. Firms' production activities thus give rise to a complex network; also, examining economic phenomena from the perspective of networks can provide a variety of new insights into economic phenomena.
Conventionally, the industrial structure and economic ripple effects have been studied on the basis of the input-output tables (Leontief 1986 ). Furthermore, a network-theoretic point of view was incorporated into the input-output analysis to elucidate complex interindustrial flow structures within or across the sectors (Slater 1977; 1978; Carvalho 2008; McNerney et al. 2013; Contreras and Fagiolo 2014) . However, such classification of firms by industry may be too formal for a reliable macroscopic picture of the economy.
Recently, firm-level network analyses based on a comprehensive database of interfirm transaction relations have begun to appear (Atalay et al. 2011; Acemoglu et al. 2012; Cainelli et al. 2012; Luo et al. 2012; Watanabe et al. 2015; Letizia and Lillo 2018; Goto et al. 2017) . Economists as well as physicists have recognized the importance of taking an explicit account of interfirm links in order to understand economic issues, such as the origin of business cycles and the possibility of a chain reaction in firm bankruptcies.
Very recently, we have studied (Chakraborty et al. 2018 ) the structure of a Japanese production network with one million firms and five million supplier-customer links. We first constructed a directed production network from the actual data of interfirm transaction relations and found that they form a tightly knit structure with a giant strongly connected component surrounded by two half-shells constituting incoming-flow and outgoing-flow components for the core. The hierarchical structure of communities was then elucidated by a flow-based multilevel community detection method (Rosvall and Bergstrom 2011) , and most of the irreducible communities were found to be on the second level. The composition of some of the major communities, including overexpressions of industrial and regional components, as well as hierarchical connections between the communities, was studied in detail.
The hierarchy of the production network is expected to emerge from self-organization of the supply chain in the industrial system. This is the general view on evolutionary processes in complex systems (Holland 2000; Anderson 1972) . Here, we emphasize that we should also pay attention to the inner loops of production, giving rise to a nonlinear feedback mechanism in the system, because they can be engines for economic growth. The priority production system adopted by the Japanese government just after World War II is an illustrative application of this idea (Vestal 1995) . It was intended to stimulate recovery of the nation's economy so damaged by concentrating public investment into coal mining and steel production. Production of steel needs electricity generated from coal, and mining of coal needs machinery made of steel. Such an industrial loop formed by the three industries, mining, steel production, and machinery manufacturing, led to autonomous growth of the economy.
The objective of this study is to advance the previous empirical analysis (Chakraborty et al. 2018 ) on the industrial flow structure embedded in microscopic supplier-buyer relations with a special emphasis on its circularity. To delve further into the flow structure of the transaction network with firms as nodes, we take advantage of a mathematical tool called the Helmholtz-Hodge decomposition (Jiang et al. 2011; Bhatia et al. 2013) . It allows us to decompose the flow on a directed network into a gradient flow component and a circular flow component. This paper is organized as follows. First, we give salient features of the dataset to be analyzed for transaction relations between firms in Japan. "Helmholtz-Hodge decomposition" section is devoted to a mathematical formulation of the Helmholtz-Hodge decomposition for the present analyses. In "Bow-tie decomposition" section, we revisit the walnut structure of the Japanese production network that was found in the previous study (Chakraborty et al. 2018) , using the bow-tie decomposition and a visualization technique of networks. In "Results and discussion" section, we build a network consisting of only the circular flow components and detect communities in the network to elucidate circular flow structure in the production network. The final section summarizes the results obtained here.
Interfirm transaction data
The present analysis is based on the big data of 4,974,802 transaction relations between 1,066,037 firms in Japan that was collected by the Tokyo Shoko Research, Ltd. (TSR) in 2016. 1 These data virtually cover the entire amount of industrial activities in Japan. We regard firms as nodes and transaction relations between them as directed links spanning from suppliers to customers to construct the latest production network in Japan. Since information on the volume of each transaction is not available, we assume that all the links have the same weight.
In addition to the information on transactions between firms, various attributes of individual firms are available. For simplicity of analyses, we use two attributes of each firm, namely, industrial sector and geographical location of the head office. Firms are categorized into 20 sectors and 47 prefectures. Readers are referred to the previous paper (Chakraborty et al. 2018 ) for more detailed information on the dataset. 2
Helmholtz-Hodge decomposition
In general, one can write flow F ij running from node i to node j in a directed network as follows:
where we assume that the magnitude of F ij on the network is given by the following:
1 (singly connected in one way) 0 (doubly connected in both ways) 0 (not connected)
Since information on the volume of transactions is not available in the TSR dataset, we adopt such a simplified flow structure. The first term F (p) ij on the right-hand side of Eq. (1) denotes the gradient flow from node i to node j which is given by the following:
where φ i is the Helmholtz-Hodge potential associated with node i and w ij is a positive weight for linkage between nodes i and j. We assume that the weight w ij takes the following values depending on how the two nodes are connected:
1 (singly connected in one way) 2 (doubly connected in both ways) 0 (not connected)
The Helmholtz-Hodge potential of nodes in a directed network identifies their hierarchical positions in its flow structure. In the network built with only gradient flow, nodes are perfectly ranked; the gradient flow always runs from a node with higher potential to a node with lower potential. On the other hand, the second term F (c) ij denotes the circular flow component in which incoming flow and outgoing flow are exactly balanced at each node:
so that there is no hierarchy among nodes in the circular flow network. The circular flow component illuminates feedback loops embedded in the system. Additionally, one can determine the potential φ i for every node by minimizing the squared difference between the actual flow and the gradient flow:
where the double summation excludes pairs of nodes that are not connected. This is a variational formulation of the Helmholtz-Hodge decomposition. Subtracting the gradient flow thus determined from the original flow leaves the loop flow. In addition, to remove arbitrariness in the potential determination, we impose the following condition on φ i :
To quantify to what extent the flow of a directed network has hierarchical and circular characteristics, we introduce two measures for the gradient flow and circular flow components associated with each node i as follows:
Summation of ξ (p) i and ξ (c) i over all nodes yields generalized formulas for the gradient and loop ratios (Fujiki and Haruna 2014; Haruna and Fujiki 2016) , respectively:
Because of the orthogonality between the gradient flow and the circular flow vectors, the sum of the two ratios amounts to unity:
If a network is completely hierarchical (circular), γ = 1 (0) and λ = 0 (1). One can thus use either of the two ratios to characterize the overall flow structure of a directed network. This can be considered as ranking the nodes according to the hierarchical structure of the network.
There are a number of works on hierarchy and ranking in complex directed networks (De Bacco et al. 2018; Tatti 2015; Letizia et al. 2018; Johnson et al. 2014) . In such problems, the presence of cyclic parts of the network causes ranking conflicts. Studies have been conducted in the context of how to minimize the inconsistency encountered when considering ranking in actual networks. Previous work (Tatti 2015; Letizia et al. 2018) accomplishes this by minimizing the penalty function called agony, and De Bacco et al. (2018) by minimizing the energy of the physical model. Determining φ to minimize Eq. (6) corresponds to the Helmholtz-Hodge decomposition. The expression of energy minimization of the physical model is one of the variants of the Helmholtz-Hodge decomposition. Generally, the method of optimizing the penalty function is computationally expensive, but the computational cost of the Helmholtz-Hodge decomposition and physical model is not so cumbersome because it only needs to solve a set of linear equations. The major difference between Helmholtz-Hodge decomposition and other methods is the Helmholtz-Hodge decomposition allows us to treat hierarchies and cycles on equal footing. The Helmholtz-Hodge decomposition has a strong advantage of providing a unified representation of the flow structure of a directed network not only in terms of hierarchy but also in terms of circularity. In this paper, we focus on circularity as well as hierarchy, taking advantage of the Helmholtz-Hodge decomposition.
Finally, we illustrate the Helmholtz-Hodge decomposition with examples of triangular transaction networks in Fig. 1 . The first example shown in Fig. 1a is a completely hierarchical network with φ A = 1, φ B = 0, and φ C = −1, while the second one in Fig. 1b is a completely circular network. The third example in Fig. 1c is a mixed network with both hierarchical and circular characteristics. Its gradient flow component, Fig. 2a , is determined by φ A = 2/3, φ B = 0, and φ C = −2/3. The circular flow component is a loop of flow with magnitude 1/3, as shown in Fig. 2b .
Bow-tie decomposition
To elucidate flow structure in the TSR transaction network, we begin with the bow-tie decomposition of the network, which has been widely used to understand the flow structure of various complex networks including the worldwide web and metabolic networks. The decomposition classifies nodes in a directed network according to the way in which they are mutually connected: IN component, GSCC (giant strongly connected component), OUT component, and others. The GSCC is the largest group of nodes in which any pairs of nodes are connected bidirectionally by two directed paths. The IN component is a collection of nodes that have a path to the GSCC, but no reverse path to come back from the GSCC. The OUT component is defined in the other way around, that is, a collection of nodes that are reachable only from the GSCC. From their definition, these classifications of nodes provide an overall view on the hierarchical structure of the network. In the previous paper (Chakraborty et al. 2018) , however, we named such a structure of the TSR network the "walnut" structure instead of the bow-tie structure after its shape. Because Fig. 1c , according to the Helmholtz-Hodge decomposition the IN and OUT components are not as separated as the two wings of a bow-tie, they are more similar to two halves of a walnut shell, surrounding the central GSCC core. Table 1 lists the numbers of firms belonging to the IN, GSCC, OUT and other components of the TSR network. The results are compared with the corresponding numbers of firms averaged over 1000 random networks with the same degree distribution as that of the original network. We observe no significant difference in the bow-tie parameters between the original and randomized networks. However, Table 1 also shows that complete randomization of the network destroys the bow-tie structure; virtually all nodes constitute the GSCC.
In contrast, the distributions of the Helmholtz-Hodge potential shown by the histogram in Fig. 3 exhibit a significant difference between the two deep networks; the flow structure of the network is influenced by the randomization process.
The potential distributions of IN, GSCC, and OUT in the original network are welloverlapped compared with the randomized network with the same degree sequence. In particular, the distributions of IN and OUT of the randomized network are quite separated, but the corresponding distributions of the original network are substantially overlapped. For a quantitative argument, we define the following overlap integral of two distribution functions:
The overlap integral J takes a value within the range of 0 ≤ J ≤ 1; J takes the unity for f (x) ∝ g(x). In the TSR network, the overlap integral of the potential distributions for the and J (rand) 0.05 = 0.00020, where J (rand) 0.01 and J (rand) 0.05 are the 1% and 5% significance level of J for 1,000 samples, respectively. These numerical results establish the conceptual difference between the bow-tie structure and the walnut structure, as shown in Fig. 4 , in a statistically meaningful way. We emphasize that the structure is not essentially determined by the degree distribution, but by more detailed properties on the linkage of the network. We thus see that each component of the bow-tie structure in the production network has its own industrial characteristics. The main industries in the GSCC form an integrated core of economic activities in Japan.
Results and discussion
We first obtained an optimized layout of the network in three-dimensional space by incorporating information of the Helmholtz-Hodge potential for individual nodes. The result is displayed in Fig. 6 . Nodes are aligned in the z direction according to their values of the Helmholtz-Hodge potential; basically, transaction flows are from top to bottom. On the other hand, the x and y coordinates of nodes are determined by minimizing the potential energy in a spring-electric model in which nodes with direct transaction relations are connected to each other by a spring and all nodes have an identical electric charge to maintain distance from disconnected nodes. In Fig. 6 , nodes belonging to the different walnut components are distinguished with different colors. Figure 7 shows half-cut cross-sections of the 3D images of the network, as shown in Fig. 6 . The walnut structure is also clearly visible in this visualization. The GSCC is certainly sandwiched between the IN component on the upstream side and the OUT component on the downstream side. However, the potential values in the three components are distributed so widely that even the potential distributions of the peripheral components are not well separated. These results agree with our naming convention of the flow structure of the transaction network as a walnut structure. Figure 8 resolves the three potential distributions in Fig. 3 into those within individual sectors. The averaged value of the potential for firms in each sector is given in Table 2 . The results, listed in their descending order, describe hierarchical characteristics of the sectors in the transaction network. For instance, the manufacturing sector is located at the upstream side compared with the wholesale and retail trade sectors. The hierarchical ordering of sectors is in harmony with the general idea of the supply chain. However, the potential values are widely distributed from upstream to downstream even within the same sectors, except for Finance & Insurance, Medical, Health Care & Welfare, and Government. This fact indicates that major sectors such as Manufacturing, Construction, Wholesale and Retail trades have appreciable hierarchical structure in and of themselves.
We turn own attention to the gradient ratio γ and loop ratio λ for the whole network and the GSCC of the transaction network. 3 The results are shown in Table 3 together with the corresponding results for the two kinds of random networks in parallel with Table 1 . The hierarchy is significantly developed in the original network compared with the randomized networks. This is understandable because hierarchical structure is in general a manifestation of self-organization in complex systems (Holland 2000; Anderson 1972) ; it is a formation of supply chains in the economic system. Although randomizing the network with a preserved degree distribution does not change the walnut structure considerably, the randomization procedure has an appreciable influence on the balance between the hierarchy and circularity of the network. We have similar results for the GSCC of the original network. The hierarchy is slightly stronger than the circularity even in the GSCC consisting only of nodes that are mutually connected in both ways. In contrast, the circularity dominates the flow structure of the corresponding network that has been completely randomized.
The hierarchical flow is dominant in the IN component, which has mainly one-way flow to the GSCC because of its definition. This is also true for the OUT component. On the other hand, the GSCC has a more complicated flow structure; both hierarchical and circular flow components coexist in it. This is because any pairs of nodes in the GSCC are connected bidirectionally by at least two directed paths. We thus expect that firms in the GSCC constitute the core of the production activities, while firms in the IN and OUT parts, forming a thin layer for the GSCC, are just peripherals. Page 10 of 23
Fig. 8
Resolution of the three potential distributions in the left panel of Fig. 3 
into those within sectors
For the purpose of this study, therefore, we hereafter concentrate on the flow structure of the GSCC, especially its circularity. To identify important loops in the circular flow network on the GSCC, we adopt the map equation method (Rosvall and Bergstrom 2008; for community detection. It is an information-theoretic method based on an idea that random walkers should stay in looping communities for a long Table 2 The averaged values of the Helmholtz-Hodge potential for firms in individual sectors, which are listed in their descending order corresponding to the direction of upstream to downstream in the TSR transaction network The results are compared with the corresponding ratios averaged over 1000 random networks with the same degree distribution and 1000 completely random networks with the same number of links as that of the original network; the figures in parentheses show the standard deviation associated with each of the average values time. Figure 9 demonstrates that the communities so detected have a size distribution of the long-tail form. The total number of communities is 18,660, and the largest community has approximately 5000 firms. Figure 10 depicts the adjacency matrix of the circular flow network in which nodes are ordered according to the community assignment. It shows the community detection works well because links are sparse between the communities and are considerably dense within the communities. The 10 largest communities are illuminated in Fig. 11 with the same node configuration as in Figs. 6 and 7. Figure 12 shows the histogram of the Helmholtz-Hodge potential difference φ of links for the 1st-6th communities, where φ = φ i − φ j is the potential difference between nodes i and j at both ends of links F ij (> 0). A positive value of φ indicates a link directed from the upstream side to the downstream side, while a negative value of φ, a link in the reversed direction. The distribution of φ is significantly shifted to the positive side except for the 5th community. It means that the main flow from the upstream to the downstream dominates over the feedback flow in those communities. On the other hand, the 5th community shows the distribution of φ that is quite symmetrical around φ = 0. This indicates that the exceptional community has well-developed circular flow structure, which will be addressed later. One can characterize the major communities by industrial and regional affiliations of their constituent firms. Figure 13 shows the industrial characterization of the 10 largest communities. They are divided into two contrastive groups. The first, second, fourth and fifth largest communities are mainly featured by manufacturing and wholesale sectors; the medical, health care & welfare sector is additionally important for the fourth community. On the other hand, the remaining 6 communities are featured by the construction sector. Figure 14 shows the regional characterization of the 10 largest communities. Additionally, all of the major communities have prominent regional characteristics. The manufacturing-and wholesale-dominant communities are basically metropolitan communities except for the second largest community, in which Hokkaido and some provincial prefectures play a key role. In contrast, the distribution of the regional affiliations in the construction-dominant communities are well-localized at prefecture level. All prefectures except Nara have at least one of their own construction communities of more than 100 firms. We will look into the 6 largest communities in more detail. Tables 4 and 5 list the number of firms in each industry type that belong to the 6 largest communities. They are grouped by the middle classification of the TSR industry classification scheme (99 industries). Communities 1, 2, 4, and 5 were groups of firms in which manufacturing and wholesales dominate. Community 1 includes many firms in the manufacture and wholesale of textile and apparel industries. Community 2 is mainly composed of firms in the fisheries cooperative, wholesale and retail trade of seafood, and the manufacture of food from seafood. Community 4 is characterized by medical and health services, and the manufacture and wholesale of pharmaceutical products with representative firms. Most of the medical and health services are general hospitals and clinics. Community 5 contains many firms in the manufacture and wholesale of metal products and construction. On the other hand, most of the firms in communities 3 and 6 are those in the construction industry. Although the industrial distributions of the construction communities resemble each other closely, they are clearly distinguished by their regional characteristics. In fact, communities 3 and 6 are dominated by firms in Okinawa and Kagoshima, respectively. We note that Okinawa is considerably isolated from the mainland in the whole industry.
In this way, one can characterize the manufacture and wholesale communities by their own products. Although the communities thus extracted represent dense parts of the loop flow network, they mainly include a series of firms in the production line from manufacturing to retail trade through wholesales, the so-called supply chain, themselves forming a hierarchical flow structure. We are now in a position to identify firms that strongly contribute to the feedback structure in the major communities. For this purpose, we use the ratio ξ
of the circular and gradient flow components for each node i. A firm characterized by a large value of this ratio proves to be important for the circular flow structure of the communities. Details of this method are given with an illustrative example in the Appendix A. Tables 6 and 7 list the number n c of firms for each industry in the community, the number n c of firms with the top 10% of the ξ (c) i /ξ (p) i value within community and the ratio n c /n c of them. In community 1, the n c of the manufacture and wholesale of textile and apparel are large, but their n c values are low, so that the corresponding n c /n c values are lower than those of other industries. This indicates that firms of the manufacture and wholesale of textile and apparel have strong hierarchy. On the other hand, the n c /n c value of the industry that is not related to textiles or apparel is high. Therefore, this fact shows Table 6 Table of the number of firms n c for each industry type in the community, and the number of firms n c that has the top 10% of the ξ (c) /ξ (p) The top-10 industry types of n c are listed in decreasing order that a relatively small number of firms that are not related to the industry that characterizes this community are in an important position for the circular structure. In community 2, the manufacture of food and wholesale trade (food and beverages) exhibit high hierarchy, and the miscellaneous retail trade and construction work, which is general work including public and private construction work, have high circularity. In communities 3 and 6, firms in the construction industry form the main stream flow. On the other hand, firms in the manufacture of ceramic, stone and clay products (community 3) or fabricated metal products (community 6), miscellaneous wholesale trade and road freight transport have large contributions to its feedback structure. Community 4 is a community in which medical and health services dominate, but the number of firms of medical and health services is only 7 out of 956 firms with the top 10% of the ξ
value. Additionally, Table 7 Continuation of Table 6 Industry type n c n c n c /n c the manufacture and wholesale of pharmaceutical products exhibits high hierarchy, but technical services and advertising indicate high circularity. In community 5, construction work and wholesale trade (building materials, minerals and metals, etc.) show high hierarchy, while miscellaneous wholesale trade, equipment installation work and road freight transport largely contribute to the circularity. In fact, the miscellaneous wholesale trade particularly includes iron and steel primary product wholesale, steel crude product wholesale and iron scrap wholesale trade, indicating that recycling steps of iron and steel are incorporated into the steel industry. This is why the flow structure of community 5 is so highly circular, as has been demonstrated.
As we have seen, the production network is certainly quite hierarchical, but the GSCC contains the circular flow component to an appreciable extent. In general, it is hard to reveal the circular flow structure embedded in the production network because it is hidden by its strong hierarchy. To overcome the difficulty, we exclusively examined the circular flow component and then applied the community detection to the network thus constructed. Each of the communities that we have detected consist of a hierarchical supply chain of the main industry and feedback loops formed by firms in industries that complement the main industry. Specifically, we found that the transport industry plays an important role in forming the feedback structure for many of the major communities in the production network. In the previous study (Chakraborty et al. 2018 ), on the other hand, the original flow network was decomposed into communities. Consequently, we were unsuccessful in detecting such industrially integrated clusters of firms as have been reported here.
Conclusions
The comprehensive dataset of interfirm transaction relations in Japan enabled us to study the industrial flow structure of the nation's production network with a sound microscopic foundation. Particularly, we emphasized its hierarchy and circularity. The network was first decomposed into the walnut components according to their flow properties: IN, GSCC, OUT, and others. The flow structure of the walnut components except the GSCC is mainly hierarchical. By adopting the Helmholtz-Hodge decomposition, we separated the flow structure of the GSCC of the network into two components: gradient flow and circular flow. The gradient flow between a pair of firms is given by the difference of their potentials, and hence, the potential of a firm identifies its hierarchical position in the transaction network. On the other hand, the circular flow component illuminates feedback loops built in the network. The potential values averaged over firms classified by the major industrial category describe hierarchical characteristics of sectors. The order of sectors determined by the potential calculation agrees well with the general idea of the supply chain. We also identified dominant clusters of firms forming feedback loops by applying the map equation method to the extracted circular flow network. We found that both hierarchical and loop structures coexist within the major sectors, such as construction, manufacturing, and wholesales. We measured the magnitude of the contribution to the circular structure from each firm in the major communities. The measurement indicates that the main industry that characterizes the community exhibits high hierarchy and low circularity. On the other hand, most of the firms that contribute to the circular flow structure belong to industries complementary to the main industry, such as the transportation industry. These results suggest limitations of the conventional industrial classification scheme in analyzing economic activities, which may be replaced by a new classification scheme for firms based on the actual interfirm transactions.
Appendix A: Identification of nodes significantly contributing to the feedback structure.
The major communities in the production network have many links from the upstream side to the downstream side and fewer feedback links from the downstream side to the upstream side. Here, we seek a method to identify nodes that contribute significant feedback from the downstream side to the upstream side in such partial networks. As an illustrative example, we adopt the model network given in Fig. 15 , composed of m layers between the most upstream node and the most downstream node with n parallel Fig. 15 A representative model network with feedback structure for the major communities in the transaction network and its Helmholtz-Hodge decomposition
